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Abstract
We investigate the complexity of shortest paths in time-dependent
graphs where the costs of edges (that is, edge travel times) vary as a
function of time, and as a result the shortest path between two nodes
s and d can change over time. Our main result is that when the edge
cost functions are (polynomial-size) piecewise linear, the shortest path
from s to d can change n⇥(log n) times, settling a several-year-old conjecture of Dean [Technical Reports, 1999, 2004]. However, despite the
fact that the arrival time function may have superpolynomial complexity, we show that a minimum delay path for any departure time
interval can be computed in polynomial time. We also show that
the complexity is polynomial if the slopes of the linear function come
from a restricted class and describe an efficient scheme for computing
a (1 + ✏)-approximation of the travel time function.
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Introduction

Time-dependent networks are used to model situations in which the cost of
traversing an edge (the edge travel time or delay) varies with time. While
the general framework has many applications, the everyday problem of route
planning on road networks is easily the most compelling. Due to varying
congestion on roads during the day, both the time to travel from a source
node s to a destination d and the optimal path between them can change
⇤
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over time. In fact, traffic conditions often create temporary bottlenecks that
cause one to reach the destination at more or less the same time despite
leaving much later, at a significant reduction in travel time. By plotting the
arrival time as a function of the departure time, one can plan optimal-time
paths, instead of optimal-length paths, as is the current practice.
Besides their natural applications in the management and planning of
complex networks such as highways and communication networks, timedependent shortest paths are also a fundamental problem with non-trivial
complexity issues and subtle implications of model parameters. The problem has been studied since 1969 when Dreyfus [14] observed that Dijkstra’s
algorithm can be used to find a time-dependent shortest path, given a starting time at the source node. Dreyfus implicitly assumed an unrestricted
waiting policy at intermediate nodes to ensure that if waiting at a node results in an earlier arrival time (due to reduced congestion), then optimal
wait times are utilized at nodes. It turns out, however, that the choice of
waiting policies and the type of the edge cost functions have non-trivial implications on time-dependent shortest paths, which were explored more fully
in the 1980’s and 1990’s by Orda and Rom [29]. Their findings include,
among other results, that if waiting is forbidden anywhere in the network
and the network is not FIFO (first-in-first-out), then the shortest path may
be non-simple and violate the subpath optimality property, in contrast with
the FIFO case. There may also be paths that traverse an infinite number
of edges but still have finite delay. Thus, in these cases neither Dijkstra’s
algorithm nor the Bellman-Ford algorithm can find time-dependent shortest
paths, and variants of these problems are known to be NP-hard [31].
In time-dependent networks, a non-FIFO edge is equivalent to a FIFO
edge if waiting is allowed: one can always wait at the tail of an edge to
optimize the arrival time at the head of the edge. In this paper, therefore,
we focus on the FIFO model, with the understanding that waiting at nodes
is permitted to deal with any non-FIFO e↵ects. The problem of shortest
paths still exhibits surprising complexity, even when the edges are FIFO and
their cost functions are piecewise linear and continuous. In particular, the
complexity of the following natural problem, which is the focus of our work,
has been open for some time: Given a source node s, compute the arrival
time function at another node d for all starting times at s.
Orda and Rom [29] and many others have considered this problem due
to its special significance for planning. Rather than asking for the best path
starting at a particular time, which is easily computed by Dijkstra’s algo2

rithm, the goal here is to construct a travel planning map that gives, for
any desired arrival time, the optimal time to depart so as to minimize the
travel time. We should point out that in our problem time is considered a
continuous variable, and so the problem has a distinctly di↵erent character
from the discrete time version in which only a finite set of departure times
is permitted [3, 5, 25]. In the discrete version, the complexity of the arrival
time function is bounded by the discreteness of the departure times, but the
arrival time function may su↵er from severe and unnatural discontinuities.1
Orda and Rom [29] extended the shortest path finding paradigm of Bellman and Ford [17] to work with linear functions as edge costs, instead of
scalar costs as in the non-time-dependent case. They left the computational
complexity of the problem unresolved. Specifically, they presented the running time of their algorithm in terms of a functional complexity that “hides”
the actual cost of composing and minimizing the arrival time functions. If
the edge cost functions are piecewise linear, then their compositions and minimizations at intermediate nodes are also piecewise linear, but the number
of breakpoints in these functions can grow, and this complexity is omitted
from the analysis [29]. It is possible that Orda and Rom may have assumed
that this complexity remains polynomially bounded, but no provable bound
is known. In fact, in several subsequent papers, both in theoretical works as
well as applied papers, the authors have simply presented the performance of
their algorithms as if the size of the arrival time function is not much worse
than linear [13, 20].
The most systematic study of the arrival time function’s complexity was
performed by Dean [7, 8], who after an initial erroneous claim that the complexity is linear in the number of the edge function breakpoints [7] conjectured
that this complexity may be superpolynomial [8]:
In a FIFO network with piecewise linear arc arrival functions, the
arrival function at a destination node can have a superpolynomial
number of pieces.
Our Results A resolution of this conjecture is our main result. In particular, we show that in an n-node graph with (polynomial-size) piecewise
linear edge cost functions, the arrival time function has complexity n⇥(log n)
1

One can show that if the true travel time functions for edges are linear but are approximated discretely using fixed-size buckets, then the error in the travel time estimate
can grow exponentially, depending on the slope of the linear functions.

3

in the worst case. More specifically, even with linear edge costs, there exists
an n-node graph in which the shortest path from a source s to a destination
d changes n⌦(log n) times, or equivalently the arrival time function has n⌦(log n)
breakpoints. On the other hand, for any n-node graph whose piecewise linear edge cost functions have at most K pieces in total, the complexity of the
arrival time function is at most KnO(log n) . Both of these bounds assume that
either the edges respect FIFO transit, or allow arbitrary waiting at nodes to
deal with non-FIFO behavior of edges.
We analyze the complexity of the arrival time function by formulating
connections to the parametric shortest paths problem [4, 19, 24]. The edge
costs in both the parametric and the time-dependent shortest path problems
are functions of the underlying parameter, but they interact in di↵erent ways.
In the former, the cost of a path is the sum of edge costs parameterized
by a parameter that has the same value throughout the network, while
in the latter, the parameter is time, which varies over the path through
compositions: the arrival time at the second edge depends on the transit
time over the first edge, and is di↵erent from the initial departure time,
and so on. In order to use the known lower bound on parametric shortest
paths, we show how to transform an instance of the parametric shortest path
problem into a time-dependent one while retaining all the breakpoints. The
proof of the upper bound first reduces the problem to one with linear cost
functions, and then adapts an inductive argument due to Gusfield [19].
Despite the complexity of computing the full arrival time function, some
queries on it can still be answered efficiently in the worst case. We show
that the minimum delay path over a given departure time interval can be
computed in polynomial time, without having to compute the arrival time
function explicitly. From a road network perspective, the minimum delay
path can be seen as the path that requires the least amount of time spent
on the road, given the option to freely choose the departure time within a
specified interval. We give an algorithm to find the minimum delay path
whose departure time lies in a specified interval in O(K) runs of a standard
(fixed-departure-time) shortest path algorithm.
Finally, we address the algorithmic question of computing the arrival time
function. We propose a (1 + ✏)-approximation scheme that computes a representation of the arrival time function so that the travel time estimated using
this approximation is an upper bound on and at most (1 + ✏) times the true
value. If the maximum and minimum travel times are Dmax and Dmin , the
approximation has size O(K 1✏ log(Dmax /Dmin )) and can be computed using
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where I is the length of the (departure) time interval over which the arrival
time function is computed. We also describe a pair of output-sensitive algorithms for computing the arrival time function exactly, with running time
dependent on the complexity of that function. Finally, we show that the total
number of breakpoints is polynomially bounded if each piece of the edge cost
functions has the form A(t) = at + b, with slope a 2 {0, ↵ , ↵ +1 , . . . , ↵ },
for some ↵ > 1 and 2 N.
Related Work The study of shortest paths is a cornerstone of combinatorial algorithms. The classical algorithms, such as those by Dijkstra and
Bellman-Ford [6, 17], compute shortest paths in a static network with fixed
edge costs. Many applications, however, deal with a dynamic network in
which the edge costs are subject to change. (Changes in the network topology, such as inclusion or exclusion of an edge, can also be modeled through
edge costs.) Time-dependent networks are one way to model such dynamics,
but there are others as well, which we briefly discuss below.
The dynamic shortest paths problem deals with insertion and deletion
of edges in a graph, with a focus on maintaining a data structure for efficiently updating the shortest path tree from a single source or supporting fast shortest path queries between two nodes in response to such a
change [12, 22, 30, 32]. The stochastic shortest paths problem attempts to
capture uncertainty in edge costs by modeling them as random variables and
computing paths with minimum expected costs [2, 27, 28]. The weighted
region shortest paths [23] problem models the dynamics of the environment
in a continuous space: the space is divided into regions and each region has
a di↵erent speed of travel, however, the speed is not a function of time.
The problem that bears most similarity to time-dependent paths is that
of parametric shortest paths. In this problem, the cost of each edge e in
the graph varies as a linear function of a parameter , i.e., c(e) = a + b.
The shortest path from a source node s to a destination node d depends on
the value of the parameter , and the goal in the parametric shortest path
problem is to compute the shortest paths for all values of . A result by
Carstensen [4] shows that in the worst case the shortest path from s to d
can change n⌦(log n) times as varies; a simpler and more direct proof of this
lower bound is given by Mulmuley and Shah [24]. An upper bound of nO(log n)
is given by Gusfield [19].
5

A more restricted form of the parametric function is used by Karp and
Orlin [21] and Young, Tarjan, and Orlin [33]. In their model the edge costs are
defined as c(e) = ce
. This simpler form is far more tractable and generally
leads to only a polynomial number of distinct shortest paths. Recently,
Erickson [15] also used this form to give an efficient algorithm for parametric
maximum flow in planar graphs. However, it is the more general linear form
studied by Carstensen and Gusfield that is relevant to our time-dependent
shortest paths.
In two recent papers, Dehne et al. [9, 10] studied the time dependent
shortest path in a setting similar to that described here. For piecewise linear
cost functions, they present an output-sensitive algorithm with time complexity proportional to the number of breakpoints in the arrival time function. They also give an additive approximation algorithm with polynomial
complexity in the worst case.
Time-dependent shortest paths have also been studied from an applied
perspective, with emphasis on empirical validation and applications [11, 13,
25, 26]. Our result shows that none of these algorithms can be expected to
perform well in the worst case.
Paper Organization The remainder of the paper is organized as follows. Section 2 gives definitions and establishes basic facts about the timedependent shortest path problem that are used in the following sections.
Section 3 presents the n⌦(log n) lower bound to the complexity of arrival time
functions. The result is complemented by the nO(log n) upper bound given in
Section 4. Section 5 describes our algorithmic results: a scheme to compute
a minimum delay path, an algorithm that (1 + ✏)-approximates the arrival
time function, output-sensitive algorithms to compute the arrival time function exactly, and an algorithm to compute the exact arrival time function
efficiently when some conditions on the edge delay functions are satisfied.
Section 6 concludes and discusses open problems.

2

Definitions and Preliminaries

We consider a directed graph G with n vertices and m edges, where the cost
of each edge is a nonnegative, piecewise linear function of time, representing
the time-dependent delay along it. The edge costs respect first-in-first-out
(FIFO), meaning that each linear segment in the delay function has slope
6

at least 1. Instead of reasoning with delays, we find it more convenient to
work with arrival time functions, as did Orda and Rom [29]. In particular,
if P is a set of paths with common first and last nodes u and v, then A[P ] is
the earliest arrival time function for P . A[P ] is a function of the start time t
at node u, written in full as A[P ](t), minimizing the arrival time at v over all
paths in P , for each value of t. (We use square brackets around the path set
argument of A[P ] to emphasize that it is discrete; we use parentheses around
the continuous t argument.) We define simplified versions of the notation for
three common cases:
A[e] is the arrival time function for an edge e = (u, v), that is, A[e](t) gives
the time of arrival at vertex v for travel on e departing from vertex u
at time t. The function D[e](t) ⌘ (A[e](t) t) is the delay or travel
time along the edge e. Since travel times are nonnegative, A[e](t) t
for all t.
A[p](t) is the path arrival function for the path p = (v1 , v2 , . . . , vq ) defined by
functional composition as A[p](t) = A[(vq 1 , vq )]·A[(vq 2 , vq 1 )] · · · A[(v1 , v2 )](t).
A[s, d](t) ⌘ A[Ps,d ] is the earliest arrival time function for source s and destination d, minimizing over the set Ps,d of all paths in G from s to d,
A[s, d](t) = min (A[p](t) | p 2 Ps,d ).
We denote by K the total number of linear segments in all the edge arrival time functions A[e]. By a breakpoint, we mean a value of t at which the
slope of the arrival time function changes. In a piecewise linear function, the
number of breakpoints di↵ers from the number of linear segments by only
one, so for the sake of notational brevity, we use the two counts interchangeably in our analysis, depending on the context. The following easy lemma
characterizes the composition of A[e] functions.
Lemma 2.1 Suppose that x(t) and y(t) are monotone, piecewise linear functions. Then their composition z(t) = y · x(t) = y(x(t)) is also monotone and
piecewise linear. If z(t) has a breakpoint at t = t0 , then either x has a
breakpoint at t0 or y has one at x(t0 ).
Proof: The composition of monotone functions is monotone. For every t0
such that t = t0 is not a breakpoint of x and x(t0 ) is not a breakpoint of y,
x and y are linear functions x(t) = at + b and y(t) = ct + d, for particular
7

constants a, b, c, and d. Then z(t) = y(x(t)) = c(at + b) + d, which is linear
in t. The functional form of z(t) is fixed in the neighborhood of t0 , and so
z cannot have a breakpoint there. Thus z is linear except at breakpoints
derived from those of x and y.
⇤

2.1

Primitive and Minimization Breakpoints

Breakpoints of edge functions A[e] are called primitive breakpoints. The
function A[p] for a path p is the composition of edge functions; breakpoints
of A[p] that arise from the primitive breakpoints of the composed functions
are called primitive images. A primitive image bF in the function F = fq ·
fq 1 · · · f1 that occurs at t = tF is the image of a primitive breakpoint b
in some fi if b occurs at t = ti in fi (t) and ti = fi 1 · fi 2 · · · f1 (tF ). The
primitive breakpoint b whose image is bF is called the preimage of bF .
Breakpoints in A[s, d] can be of two types, primitive images and minimization breakpoints. A minimization breakpoint occurs in A[s, d] at some
time t if the arrival time of the path p1 that was optimal at time t ✏ becomes
larger than the arrival time of another path p2 at time t + ✏, for an infinitesimal ✏. A minimization breakpoint b occurs because of minimization at a
particular node v (the first node in the last section of p1 \ p2 ), somewhere after s and at or before d; each node x in p1 \ p2 from v to d has a minimization
breakpoint at t = b that is an image of the one at v. Figure 1 illustrates the
two types of breakpoints. Informally, minimization breakpoints are created
by the pointwise minimum operation on the arrival time functions among all
the paths p 2 Ps,d , while primitive images are the breakpoints that each path
arrival function has as a consequence of being the functional composition of
piecewise linear edge functions.
Lemma 2.2 If x(t) and y(t) are monotone, piecewise linear functions, then
so is min(x(t), y(t)).
It follows from Lemmas 2.1 and 2.2 that the function A[s, d] is nondecreasing and piecewise linear.
Observation 2.3 A[s, d] can be partitioned into compact intervals (with respect to the parameter t) in which one combinatorial simple path of G is
optimal. These intervals are separated by minimization breakpoints in the
piecewise linear function representing A[s, d]. (See Figure 1.)
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Figure 1: Illustration of primitive and minimization breakpoints.
The four subfigures at the bottom show the arrival time functions
for the four edges in the graph. The figures on the top show arrival
time functions for the path (s, u, d) on the left, the path (s, v, d)
on the right, and the result of their pointwise minimization at d,
namely, A[s, d]. The figures also show the progression of time:
when following the path (s, u, d), leaving at time t we reach u at
time t1 , and reach d at time t2 . When following the path (s, v, d),
the arrival times are t01 at v and t02 at d. Of these two paths, the
latter is quicker for departure time t, as shown in A[s, d]. The
subfigure for A[s, d] also highlights primitive images (drawn as
circles) and minimization breakpoints (drawn as squares).
The number of breakpoints of arrival functions is expressed as B(·). For
instance, B(A[s, d]) is the number of breakpoints of the earliest arrival function between nodes s and d. We give separate bounds on the cardinality of
the sets of primitive images and minimization breakpoints. We first focus on
primitive images.
Lemma 2.4 Two distinct breakpoints b, b0 in the monotone piecewise linear
function f1 · f2 · · · fq are images of two distinct primitive breakpoints in the
set of piecewise linear functions {f1 , f2 , . . . , fq }.
Proof: If b and b0 are images of breakpoints from di↵erent functions fi and
fj , their preimages in fi and fj are clearly distinct. If b and b0 are images of
breakpoints from the same function fi , then by Lemma 2.1 and associativity
9

of functional composition their preimages occur at di↵erent t values in the
domain of fi , and hence are distinct.
⇤
The following key lemma shows that primitive breakpoints do not create
too many images. In particular, while an exponential number of di↵erent
paths may use an edge, a primitive breakpoint creates at most one image in
the arrival time function at any node, and in particular in A[s, d].
Lemma 2.5 Any two distinct primitive images b, b0 in A[s, d] are images of
two distinct primitive breakpoints among the functions A[e], for e 2 G.
Proof: If b and b0 are images of breakpoints from di↵erent edge functions,
then their preimages must be distinct. Therefore, we need to consider only
pairs of breakpoints whose preimages belong to A[e] for the same edge e 2 G.
Recall that A[s, d] = min(A[p] | p 2 Ps,d ) where Ps,d is the set of all paths
in G from s to d. Any breakpoints whose preimages come from A[e] must
belong to A[p] for some p 2 Ps,d | e , where Ps,d | e is the subset of paths in
Ps,d that contain the edge e. If e = (u, v), then by distributivity of function
composition over the min operation we can rewrite A[Ps,d | e ] = min(A[p] |
p 2 Ps,d | e ) as
min(A[p] | p 2 Pvd ) · A[e] · min(A[p] | p 2 Psu ),
corresponding to the concatenation of the shortest path from s to u with
edge e = (u, v), followed by the shortest path from v to d. But the first and
last terms in the composition are just A[s, u] and A[v, d], so we have
A[Ps,d | e ] = A[v, d] · A[e] · A[s, u].
All three of the composed functions are monotone and piecewise linear, so
Lemma 2.4 applies: if two distinct breakpoints in A[Ps,d | e ] are images of
primitive breakpoints in A[e], they must be images of distinct breakpoints in
A[e].
⇤
Corollary 2.6 In every A[s, d] there are at most K primitive images.
The preceding lemma bounds only the number of primitive breakpoints.
The minimization breakpoints are harder to analyze, and they occupy much
of the rest of the paper.
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3

Lower Bound

In this section we prove a superpolynomial lower bound on the number of
breakpoints in the arrival time function A[s, d]. Our construction uses only
linear cost functions A[e] for all the edges, and our analysis is based on a
lower bound for parametric shortest paths.
We remind the reader that, in the parametric shortest path problem,
edges of a directed graph G have weights that vary linearly with a parameter
: for ei 2 E, c(ei ) ⌘ ci ( ) = ai + bi . The length of the shortest path from s
to d, which we denote by L[s, d] to parallel our notation for time-dependent
paths, is a function of . Specifically, L[s, d] = min(L[p] | p 2 Ps,d ), the
pointwise minimum of |Ps,d | linear functions L[p]. Let B(L[s, d]) denote
the number of breakpoints in this pointwise minimum L[s, d], which is the
number of times the shortest path from s to d changes over the domain of .
The following result is due to Carstensen [4] and Mulmuley and Shah [24].
Theorem 3.1 ([4, 24]) There exists a layered graph G with n nodes, linear
parametric edge weights, and two nodes s and d such that the number of
breakpoints of L[s, d] is B(L[s, d]) = n⌦(log n) .
In a layered graph vertices are arranged in groups, called layers, indexed
in increasing order. The first layer consists of the single vertex s and the last
consists of the vertex d. All edges of the layered graph connect consecutive
layers and are directed from the lower indexed layer to the higher indexed one.
A layered graph representation is convenient in reasoning about parametric
shortest paths because the addition of a constant weight to all edges between
two adjacent layers preserves the relative order of all s–d paths. This will be
an important property for our lower bound construction.
The main idea in our lower bound is to transform an instance of the
parametric shortest path problem into an instance of time-dependent shortest
paths, by treating the parameter as the time parameter t. A key di↵erence
between the two models is that while the cost of a parametric shortest path
is simply the sum of its edge costs for a fixed value of , a time-dependent
shortest path involves a varying (monotonically growing) time parameter t.
In order to map a fixed into a range of time parameters without distorting
the breakpoints too much, we scale the edge delays down so that (= t)
does not change too much during the time it takes to travel from s to d.
After scaling, the transit time is so short that the combinatorial structure
11

of the shortest path does not change during the passage from s to d. In
order to calculate the scaling correctly, we need all the edge weights to be
nonnegative. Since linear parametric weights can be negative for some values
of , we add an appropriately large positive number to all edge weights. The
following subsection describes the technical details of our reduction.

3.1

The Reduction

Let the set of breakpoints in the worst-case parametric shortest path instance correspond to the parameter values 1 < 2 < · · · < N , where
N = B(L[s, d]). We compute the minimum edge weight in the interval
[ 1 , N ], namely cmin = mini min(ci ( 1 ), ci ( N )), and then modify the weight
of every edge by adding W = max(0, cmin ) to it. In the rest of this section
we assume that the parametric costs ci ( ) have been translated up by W ,
so that ci ( ) 0 for 2 [ 1 , N ] and L[s, d] is the path length in the parametric graph. Because the graph is layered, the addition of W to all edge
weights preserves the relative order of all s–d paths: the function L[s, d] is
just translated upward by W times the number of layers minus one.
Let j and j+1 be two successive breakpoints of L[s, d]( ). Let pj be the
shortest path from s to d during the interval [ j , j+1 ]. (Our construction
works even if pj is not unique, i.e., multiple paths have the same length
function as pj , but for simplicity assume pj is unique.) Because the length
of any path in G is a linear function of , it must be the case that for
¯j = ( j + j+1 )/2, every path in G not equal to pj is strictly longer than pj .
Define L̄j = L[s, d](¯j ) and let L̄0j be the length of the second-shortest path
at = ¯j . Define j = L̄0j L̄j , and min = minj j .
The total number of edges in any s–d path is at most n 1. Therefore, if
we arbitrarily perturb the weights of edges at = ¯j by at most min /(2n) 
j /(2n), the path pj will continue to be the shortest s–d path.
We now compute an ✏-interval around ¯j such that variation of within
the interval keeps the weight perturbation small. Every cost function ci ( ) =
ai + bi has finite slope ai . If ai 6= 0, we can choose a parameter ✏i ⌘
ci (¯j + ✏)| < min /(2n) for any ✏ with |✏| < ✏i .
min /(2nai ) so that |ci (¯j )
If ai = 0, |ci (¯j ) ci (¯j + ✏)| = 0 < min /(2n) for every ✏, so ✏i can be set
to infinity. Define ✏min = mini ✏i . This is a constant that depends only on G
and the cost functions ci ( ).
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Observation 3.2 Given a directed graph with real edge weights, multiplying
all edge weights by a constant  does not change the combinatorial structure
of any point-to-point shortest path.
Lemma 3.3 Given a directed graph G with parametric edge weights, multiplying every edge weight function by a constant  does not change the values
of ✏i and ✏min defined above.
Proof: If edge weights are multiplied by , j and min are also multiplied
by . The constant that multiplies in the weight function ci ( ) changes
from ai to  · ai . The value of ✏i is a ratio with min in the numerator and ai
in the denominator, so the two ’s cancel, leaving ✏i unchanged. It follows
that ✏min is also unchanged.
⇤
Let Lmax be the maximum value of L[s, d]( ) over the finite interval of
bounded by breakpoints, i.e.,
2 [ 1 , N ]. We set the constant  =
1
✏ /(Lmax + min ). By Observation 3.2, if we multiply each input cost
2 min
function by , the resulting parametric shortest path problem has the same
breakpoints as the original one, and by Lemma 3.3 the values of ✏i and ✏min
are unchanged.
We convert the parametric shortest path problem to a time-dependent
one by setting the time-dependent delay function D[ei ] ⌘ Di (t) =  · ci (t),
that is, we scale the costs by  and equate the time t with the parameter.
(Recall that A[ei ] = D[ei ] + t.)

3.2

The Analysis

We now show that the shortest s–d path that leaves from s at time t = ¯j
is equal to pj . We first compute the arrival time A[s, k](¯j ) for each node
k on the path pj . Without loss of generality assume that the nodes of pj
are numbered sequentially from s = 1 to d  n. (Equivalently, the nodes
are numbered by layers in the layered graph.) To relate the time-dependent
shortest
shortest path, we introduce the shorthand
P path to the parametric
P
1)k =
i<k Di (¯j ) = 
i<k ci (¯j ), which is  times the length of the (k
edge prefix of the parametric shortest path for = ¯j .
Lemma 3.4 The arrival time at the k th node of the path pj , A[s, k](¯j ), is
at most ¯j + ✏min k2n1 + k .
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Proof: The proof is by induction. The claim is trivial for k = s = 1.
Assuming that the claim holds for some k 1, we prove it for k + 1. Because
Dk (t) is a linear function, the delay for the edge ek = (k, k + 1) is between
Dk (¯j ) and Dk (¯j +✏min k2n1 + k ). Note that 0  k  d  ·Lmax < ✏min /2.
Because pj has at most n 1 edges, k < n and hence ✏min k2n1 < ✏min /2. This
means that the delay for ek is between Dk (¯j ) and Dk (¯j + ✏min ), i.e., the
delay di↵ers from Dk (¯j ) =  · ck (¯j ) by at most  · min /(2n) < ✏min /(4n).
For convenience define Ak ⌘ A[s, k](¯j ). Because Dk (t) is nonnegative for all
1 < t < N , Ak  Ak+1 for all 1  k < n. Then the arrival time at node
k + 1 is
Ak+1 = Ak + Dk (Ak )
k 1
1
 ¯j + ✏min
+ k + Dk (¯j ) + ✏min
2n
4n
k
 ¯j + ✏min + k+1 .
2n

⇤

It follows from the lemma that the arrival time at d is A[s, d](¯j )  ¯j +
✏min /2+ d . As noted in the proof, d < ✏min /2, and so A[s, d](¯j ) < ¯j +✏min .
The cost (delay function) of each edge in G varies by at most  · min /(2n)
during the interval t 2 [¯j , ¯j + ✏min ), which is the time interval needed to
traverse pj starting at t = ¯j . This means that, as argued above in the
context of perturbing parametric shortest paths, pj is the shortest s–d path
for starting time t = ¯j . This is true for each j between 1 and N 1, and
so there are at least N 2 combinatorial changes to the s–d shortest path in
the time-dependent graph between t = 1 and t = N . We have established
the following theorem:
Theorem 3.5 There exists a graph G with n nodes and linear edge arrival functions A[e] that contains a pair of nodes s, d such that B(A[s, d]) =
n⌦(log n) .

4

Upper Bound

We now show that the number of minimization breakpoints in any arrival
time function in an n-node graph is K ⇥nO(log n) , where K is the total number
of linear pieces among all the edges of G. The following crucial observation
is key to the proof:
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Lemma 4.1 Between any two adjacent primitive images, A[s, d](t) forms a
concave chain.
Proof: If a minimization breakpoint of A[s, d] occurs at some t0 where there
is no primitive image, then A[s, d] = A[p1 ] for t = t0 ✏ and A[s, d] = A[p2 ]
for t = t0 + ✏, where ✏ > 0 is infinitesimal and p1 , p2 2 Ps,d . That is,
A[s, d] = A[p1 [ p2 ] in the neighborhood |t t0 |  ✏. Both A[p1 ] and A[p2 ]
are linear in that neighborhood, because neither contains a primitive image,
and the two intersect at t = t0 . The minimum of two linear functions forms
a concave corner at their intersection. Since every corner of A[s, d] between
two consecutive primitive images is concave, the lemma is proved.
⇤
A crude estimate that follows from Lemma 4.1 is that there can be as
many minimization breakpoints between two adjacent primitive images as the
number of di↵erent slopes in all possible A[p], for p 2 Ps,d . Unfortunately,
this observation does not yield useful upper bounds, since the number of
di↵erent slopes among all the possible paths from s to d can be of the same
order as the number of paths from s to d. As an example, consider the seriesparallel graph shown in Figure 2 in which each of the ⇥(n) edges ei can be
chosen independently to belong to an s–d path. If A[ei ] is linear with slope
equal to the ith prime number, and all other edges e have A[e](t) = t, then
the number of distinct slopes in all A[p], for p 2 Ps,d , is 2⇥(n) .
2
s

e1

n 1

4
3

e2

n 2

5

en

1

d

2

Figure 2: Each ei can be chosen independently for membership
in a s–d path.
To focus on the complexity of A[s, d] between primitive images, we consider the case in which A[s, d] contains no primitive images at all, namely
when each A[e] is linear. Let us define Alin [s, d] to be the minimum arrival
time function over all paths p 2 Ps,d , assuming that every A[e] is linear.
By a slight abuse of notation, for the purpose of the upper bound we use
B(Alin [s, d]) to indicate the maximum number of minimization breakpoints
in the s–d arrival time function for linear edge functions in the layered graph.
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Lemma 4.2 The number of breakpoints in the arrival time function for s–
d paths is at most K times the maximum number for the same function
assuming linear edge functions:
B(A[s, d])  K ⇥ B(Alin [s, d]).
Proof: Consider an edge e = (u, v) 2 E. If e 2
/ p for any p 2 Ps,d , we can
delete it from E: its arrival time function A[e] cannot contribute to A[s, d].
Otherwise, consider the restricted path set Ps,d | e , which is the subset of
paths in Ps,d that contain edge e, and the corresponding function A[s, d | e] =
A[v, d] · A[e] · A[s, u]. If b is a primitive breakpoint of A[e], let b0 be its image
in A[s, d | e], that is, b = A[s, u](b0 ). (It is possible that discontinuities may
hide a breakpoint, i.e., if limt"b0 A[s, u](t) < b and limt#b0 A[s, u](t) > b, but
this does not a↵ect the breakpoint location in A[s, d].)
Let PI be the union, over all edges e, of the images in A[s, d | e] of the
primitive breakpoints of A[e]. Then PI is a set of values of t, in the frame
of reference of s, the start of all s–d paths. Let us break the function A[s, d]
at all t 2 PI . Some of these values of t are primitive images in A[s, d] and
some are not, but all primitive images in A[s, d] belong to PI . Therefore
the function A[s, d] is concave between two consecutive elements of PI , by
Lemma 4.1. Between any two consecutive b, b0 2 PI , a fixed, minimal set
of paths P ✓ Ps,d contributes to A[s, d], i.e., A[s, d] = min(A[p] | p 2 P )
between b and b0 . Let EP ✓ E be the set of all edges that belong to paths
in P . No edge e = (u, v) 2 EP has a primitive breakpoint in A[e] during the
interval (A[s, u](b), A[s, u](b0 )), i.e., (b, b0 ) mapped to u’s frame of reference.
Thus we can replace the piecewise linear function A[e] by the linear function
that is active during the interval (A[s, u](b), A[s, u](b0 )) without a↵ecting the
value of A[s, d] during the interval t 2 (b, b0 ). Likewise we can set A[e] = 1
for all e 2
/ EP without a↵ecting the value of A[s, d] during t 2 (b, b0 ). This
gives a set of linear edge functions such that Alin [s, d] is equal to the original
A[s, d] during t 2 (b, b0 ). But |PI |  K, and so B(A[s, d])  K ⇥B(Alin [s, d]).
⇤
In the next theorem we bound B(Alin [s, d]), the number of breakpoints
in A[s, d] if all A[e] are linear.
Theorem 4.3 For any graph G with n nodes and linear arrival time functions A[e] at all edges e 2 E, B(Alin [s, d]) = nO(log n) , for any pair of nodes
s, d.
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Proof: We define M (k) to be the maximum number of linear pieces on the
arrival function between any pair of nodes in an n-node graph if shortest
paths are restricted to use at most k edges. Clearly, B(Alin [s, d]) < M (n 1)
as no path has more than n 1 edges, and the number of breakpoints di↵ers
by only one from the number of linear pieces for a continuous piecewise linear
function.
We prove that M (k)  (2n)dlog ke . For purposes of this proof, we use
base-2 logarithms: log ⌘ log2 . Thus if k is a power of two, then the bound is
M (k)  (2n)dlog ke = (2n)log k = k nlog k = k 1+log n .

The proof is by induction on p = dlog ke.
The base of the induction is k = 1 and p = 0. In that case M (1) = 1,
because there can be at most one single-edge path from s to d, represented
by one linear piece in the arrival function. But (2n)dlog ke = (2n)0 = 1, and
so we have M (1) = 1  (2n)dlog ke .
Assuming that the claim holds for k  2p , we now prove it for k  2p+1 .
Any u–v shortest path with at most 2p+1 edges can be decomposed into
two shortest paths, each with at most 2p edges, passing through some middle
vertex w. Consider the path set Pu,v | w for which w is the middle vertex. The
arrival time function corresponding to Pu,v | w is the composition of arrival
functions corresponding to Pu,w and Pw,v , each containing paths using at
most 2p edges, hence each with at most M (2p ) breakpoints. Therefore the
number of breakpoints in the arrival time function corresponding to Pu,v | w
is at most 2M (2p ) by Lemma 2.4. The set of u–v paths with at most 2p+1
edges is the union of Pu,v | w over all n possible middle vertices w, with the
subpaths before and after w limited to at most 2p edges apiece. Therefore,
its corresponding arrival time function has at most 2n · M (2p ) breakpoints.
p
By the induction hypothesis, M (2p )  (2n)dlog 2 e = (2n)p , and so
M (2p+1 )  2n · M (2p ).
 2n · (2n)p
= (2n)p+1
= (2n)dlog 2
Evaluating M (k) for k = n

p+1 e

.

1 completes the proof of the lemma.

⇤

Combining Lemma 4.2 with Theorem 4.3, we obtain the following upper
bound:
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Theorem 4.4 For any graph G with n nodes, if the arrival time functions
A[e] at all edges e 2 E are piecewise linear with a total of K segments over
all e, then B(A[s, d]) = K ⇥ nO(log n) , for any pair of nodes s, d. If K is
polynomial in n, then B(A[s, d]) = nO(log n) .

5

Algorithmic Results

The lower bound of Section 3 can be disheartening to anyone interested
in computing the arrival time functions in a time-dependent graph. While
one may hope that practical graphs are unlikely to exhibit such complexity,
investigating the source of the complexity remains a challenging problem.
In order to understand the scope of our lower bound, we can investigate
important practical subclasses of graphs or design approximation schemes
with provable bounds. We study four questions along these directions. First,
we show that the minimum delay over a departure time query interval can
be computed in polynomial time. This is somewhat surprising since the
delay function over that time interval may have superpolynomial complexity.
Second, we present an approximation scheme that constructs a small-size
approximation of the travel time function. Third, we discuss output-sensitive
algorithms to compute the arrival time function exactly. Finally, we show
that the complexity of the arrival time function is much more well-behaved
if we limit the slopes of the edge functions.
Fixed Time Shortest Path Probes In the next two section we will make
extensive use of the concept of shortest path probes. A forward probe consists
of running an instance of the shortest path algorithm (e.g., Dijkstra) for a
given departure time t to determine the corresponding arrival time A[s, d](t).
Similarly, a reverse probe runs the shortest path algorithm on the reversed
graph Gr obtained by reversing all edges of G and inverting the arrival time
function for each edge2 , starting from a value A and determining the time t
such that A[s, d](t) = A.
2
Discontinuities in A[e] map to horizontal edges in A[er ] and vice versa. For example,
if an edge e has a discontinuous function A[e], i.e., A[e](⌧ ) = x and A[e](⌧ + ) = y with
x < y, then in A[er ] each time in the range [x, y] maps to ⌧ : when traveling from s, one
must arrive at edge e at or before t = ⌧ in order to reach the other end of e at or before
any time in the range [x, y].
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We measure the time complexity of our algorithms in terms of the number
of calls to these shortest path algorithm probes.

5.1

Minimum Delay Queries

One important application of time-dependent shortest paths is finding the
minimum delay for a departure time in a given query window. Let D(t) =
D[s, d](t) = A[s, d](t) t be the delay function for the (s, d) node pair.
Because the delay function is concave between primitive breakpoints, the
minimum occurs at those breakpoints or at the endpoints of the query interval. This simple observation allows us to find the answer to minimum delay
queries in polynomial time.
Theorem 5.1 For any query interval [t1 , t2 ], the minimum delay path can
be found using O(K) shortest path probes.
Proof: For each edge e = (u, v) with a breakpoint at time b in u’s frame of
reference, we project b back to the temporal frame of reference of the source s.
To do this we use reverse shortest path probes from u to s, computing the
time b0 in s’s frame of reference at which one has to depart in order to hit
the breakpoint b on edge e. This is the primitive image in A[s, d], if any, that
is the image of b. The union of all these breakpoint images, denoted PI , is
a superset of the primitive images of A[s, d]; between any two consecutive
times in PI , A[s, d] is concave.
We perform forward probes at t1 , t2 , and all elements of PI inside [t1 , t2 ].
This gives the corresponding values of A[s, d], and hence the values of D().
(The values for elements of PI can be precomputed, if desired, or determined
on the fly.) Because the function D(t) is concave between the sampled t
values, the minimum delay in [t1 , t2 ] is the minimum of the computed D()
values.
⇤

5.2

(1 + ✏)-Approximation of the Delay Function

Although the worst-case complexity of A[s, d] is n⇥(log n) , in practice one
may be satisfied with a lower-complexity approximation of the arrival time
function. To quantify the approximation error, we focus on the delay function
D(t) = A[s, d](t) t. A function D0 (t) is a (1 + ✏)-approximation of D(t) if
|D(t) D0 (t)|  ✏ · D(t).
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As noted in Section 5.1, the function D(t) is concave between any two
consecutive primitive breakpoints. Since the number of primitive breakpoints
is only O(K), we can reduce the problem of approximating D(t) to O(K)
approximation problems for concave chains. While we do not have access to
the concave chains explicitly, we can query them efficiently, using shortest
path probes.
The Approximate Representation
The first step of the approximation is to break A[s, d] (and hence D[s, d])
at all primitive images. Instead of trying to identify exactly those primitive
breakpoints with images in A[s, d], we simply break A[s, d] at the images of
all primitive breakpoints, even those that do not propagate into A[s, d].
As in the proof of Theorem 5.1, we use reverse probes to find a set PI
of time values that is a superset of the primitive images of A[s, d]. For each
pair of consecutive breakpoints b, b0 2 PI , we use forward probes to find
the corresponding values of A[s, d] (and hence the values D(b) and D(b0 )).
The function D(t) is concave between b and b0 ; that is, for every t1 , t2 , t3
with b < t1 < t2 < t3 < b0 , the point (t2 , D(t2 )) lies on or above the line
segment from (t1 , D(t1 )) to (t3 , D(t3 )). The minimum value of D(t) in [b, b0 ]
is Dmin ⌘ min(D(b), D(b0 )), and the maximum value Dmax is between D(b̄)
and 2D(b̄), where b̄ = (b + b0 )/2.
A conceptually simple approximation for D(t) slices the function horizontally, obtaining the following result.
Lemma 5.2 If the edge arrival time functions have a total of K linear pieces
and the maximum value of Dmax /Dmin over all the concave intervals of D[s, d]
is at most R, then there exists a data structure of size O(K 1✏ log R) that
represents D[s, d] with relative error ✏.
Proof: For each of the O(K) chains, we find the intersections of D(t) with
the lines y = (1 + ✏)k Dmin , for each k 0 such that (1 + ✏)k Dmin  Dmax . Let
the resulting sample points be (ti , D(ti )). Because D(t) is concave in [b, b0 ],
each slice generates at most two sample points, so the total number of samples is at most 2 log(Dmax /Dmin )/ log(1 + ✏) ⇡ 2✏ log(Dmax /Dmin ). Linearly
interpolating between consecutive sample points (ti , D(ti )) gives an approximation that is never greater than D(t); the lower envelope of the supporting
lines at all the sample points is a concave curve that is never less than D(t).
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The worst-case error of either approximation is at most ✏ times the actual
value of D(t), giving a (1 + ✏)-approximation, as desired.
⇤
Note that the bound in Lemma 5.2 is slightly tighter than the one quoted
in the introduction, because the ratio of Dmax and Dmin is computed intervalby-interval, rather than globally.
Computing the Representation
Finally, we discuss the time complexity of computing the D(t) samples needed
by our procedure. It is not possible to perform the horizontal slicing of
D(t) directly, because shortest path probes have access to A[s, d](t), not to
D(t). However, we observe that we can obtain an adequate approximation
without precisely locating the ti such that D(ti ) = (1 + ✏)i Dmin for every
i  2 log(Dmax /Dmin )/ log(1 + ✏). It suffices to find approximate sample
points within a finer partition of the range. That is, we imagine slicing D(t)
into fragments with the horizontal lines y = (1 + ✏)k/2 Dmin (using twice as
many values of k), and then find a sample point on each fragment. The
values of D(t) at consecutive sample points di↵er by at most a factor of 1 + ✏,
so this sampling satisfies the criteria needed to prove Lemma 5.2.
We consider the problem of finding approximate samples for a single
concave chain delimited by two consecutive primitive breakpoint images b
and b0 . Let the horizontal span of the ith chain be denoted Ii = b0 b; the
vertical range is bounded between P
Dmin and Dmax . The total horizontal span
of all K chains is defined as I = 1iK Ii . Note that the slope of D(t) is
monotone decreasing inside the interval (b, b0 ), and by the FIFO assumption,
the slope of D(t) at t = b0 is at least 1.
We use a combination of forward and reverse shortest path probes. Note
that reverse probes have a rather loose connection to D(t), since the value
of t is not known a priori. We claim the following result.
Theorem 5.3 The total number of shortest
path
needed
to
⇣
⇣ probes
⌘
⇣
⌘⌘compute
1
Dmax
I
the approximation of Lemma 5.2 is O K ✏ log Dmin log K✏Dmin
.

Proof: Consider the ith chain. We search for sample points on D(t) using
reverse probes on a prefix of [b, b0 ] and use forward probes on the remainder.
Starting from t = b, so long aspthe slope of D(t) is at least 1, we perform a
0
reverse probe for A = t+D(t)· 1 + ✏, then set t to the resulting
p time value t .
0
0
0
0
0
Because t
t, we have D(t ) = A(t ) t  A(t ) t = D(t) · 1 + ✏; that is,
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(t0 , D(t0 )) is in the current fragment or the next one. But if the slope of D(t0 )
0
is at least 1, then
t and tp
, implying that
p A[s, d] has slope at0 least 2 between
A = t + D(t) 1 + ✏ t + D(t) + 2(t t). Thus t0  12 D(t)( 1 + ✏ 1) + t,
p
p
1
which implies that D(t0 ) = t + D(t) 1 + ✏ t0
D(t)( 1 + ✏ + 1). But
2
p
p
( 1 + ✏ + 1)/2 is a constant fraction of 1 + ✏, so this procedure performs
a constant number of reverse probes in each fragment.
Once the reverse probes produce an interval [t, b0 ] with initial slope at
most 1, we use bisection with forward probes to find the rest of the sample
points. Observe that if the slopes of D(t) at the ends of an interval of
length ` di↵er by , then the maximum possible vertical error in the interval
is bounded by ` . Suppose that the current interval has length `, slope
di↵erence , and minimum D(t) value D (obtained at an interval endpoint).
If ` > D(1 + ✏), then we bisect the interval at its middle t value with a
forward probe and recursively partition the two subintervals. This gives a
worst-case approximation error of at most 1+✏ between consecutive samples.
We can bound the number of bisection probes by considering the binary
recursion tree generated by the bisection process described. The leaves of the
tree correspond to the final intervals; the internal nodes correspond to the
bisections. Each bisection halves the current interval. After k bisections, the
current subinterval has length Ii /2k , and since  2 the maximum error in
this interval is at most 2Ii /2k . This implies that the height of the recursion
tree is at most log(2Ii /(✏Dmin )). The internal nodes of maximal depth correspond to intervals with ` > D(1+✏), therefore in any (1+✏)-approximation
of the initial interval, at least one point must come from each such interval.
The overhead cost of finding each approximation point using the bisection
algorithm (Lemma 5.2 states that there are O( 1✏ log(Dmax /Dmin )) points in
the worst case) is then the number of bisections on a root-to-leaf path of
the bisection tree for a single chain. This is bounded by the height of the
recursion
tree. The log-sum inequality extends the result for K chains, since
P
I
log(I
i /✏Dmin )  K log( K✏Dmin ). This gives the claimed bound and
1iK
concludes the proof.
⇤

5.3

Output-Sensitive Algorithms

This section describes two output-sensitive algorithms for computing the
arrival time function. We give both algorithms because their running times
are strictly incomparable.
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Result-Directed Probing
An algorithm similar to the approximation described in Section 5.2 can be
used to compute the arrival function A[s, d] in an output-sensitive manner.
That is, the time complexity is proportional to B(A[s, d]). Such a scheme is
described in [10] and has complexity O((K +B(A[s, d]))(|E|+|V | log |V |) if a
standard Dijkstra shortest path algorithm is used as a probe. To approximate
a chain, the algorithm described in [10] starts from finding the endpoints of
the chain, together with the linear segments incident to them belonging to the
chain. Then, the intersection between the lines supporting the two segments
is computed as a point (t0 , y0 ) and a forward shortest path probe is made for
the starting time t0 at which the intersection occurs. If the probe returns a
value A[s, d](t0 ) < y0 then a new segment of the chain has been discovered,
and the algorithm recurses to the left and to the right of the new segment.
Otherwise, if the probe returns a value A[s, d](t0 ) = y0 , meaning that a
segment already discovered has been encountered, the recursion stops. Since
each segment can be encountered in at most two shortest path probes, the
total number of probes made is proportional to the number of segments on
the chain.
Kinetic Data Structures
An alternative output-sensitive algorithm is based on the paradigm of kinetic
data structures [1, 18]. This algorithm builds a data structure that represents the execution of Dijkstra’s algorithm for a fixed departure time. The
algorithm then continuously varies the departure time, all the while updating the data structure to represent the execution of Dijkstra’s algorithm for
the varying departure time. As the algorithm varies t, it produces a representation of A[s, u](t) for every node u in the graph, and hence it computes
A[s, d](t). The running time of this algorithm, described below, is strictly
incomparable with that of the algorithm of [10]. The algorithm is more efficient at computing its output than that of [10], but its output is larger,
representing a full shortest path tree, not just the arrival time function at a
fixed destination.
The idea is to run Dijkstra’s algorithm for a particular departure time t
and build a set of certificates (predicates that are linear functions of t) that
guarantee the correctness of the shortest path tree that Dijkstra’s algorithm
computes. We then vary the departure time t while maintaining the short23

est path tree and a set of certificates that guarantee its correctness. This
approach produces all the combinatorially distinct shortest path trees that
exist for all values of t, producing each one as a modification of a similar,
temporally adjacent neighbor.
Certificates are of two types, primitive certificates and minimization certificates. Primitive certificates ensure that the linear function corresponding
to a single path remains unchanged until the failure time of the certificate;
the failure of a primitive certificate corresponds to a primitive breakpoint at
some edge. Minimization certificates ensure that a certain path reaches a
given node first; failure of a minimization certificate corresponds to a minimization breakpoint in the graph G. Each certificate has a failure time tfail
that is the earliest departure time after the current time t for which the
certificate fails.
The certificates are stored in a priority queue, with the one with the
earliest failure time at the head. When a certificate fails, at least one node
or edge in G has a breakpoint, the combinatorial shortest path from s to
one or more nodes may change, and some number of certificates will need to
be updated. (Real kinetic data structures spend considerable e↵ort to make
sure that few certificates need to be updated in response to any event; the
structure described here does not.)
For every node v 2 V , we create a fixed binary tree whose leaves are
the incoming edges (u, v). This tree represents a tournament among the
incoming edges to determine which edge carries the path that first reaches
v from s for any given departure time. For simplicity, we may modify G by
expanding each node v with in-degree d into a binary tree with d 1 nodes,
height dlog2 de, and all internal edges with zero delay. This gives a graph G0
with ⇥(m) nodes, each with in-degree at most two. We are now ready to
claim our result.
Theorem 5.4 There is an algorithm that computes A[s, v](t) for t 2 [t0 , t1 ]
in time O(log2 n) times the total number of breakpoints of A[s, v | e] over all
edges e = (u, v) 2 G.
Proof: We run Dijkstra’s algorithm on G0 , starting from node s at time t0 .
Dijkstra computes a linear function at each node v that represents A[s, v]
for the time interval containing t0 . Suppose that v has two predecessors u1
and u2 , and the shortest path tree for departure time t0 contains e1 = (u1 , v)
but not e2 = (u2 , v). The correctness of Dijkstra’s algorithm means that
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A[s, v | e1 ](t0 ) < A[s, v | e2 ](t0 ), that is, the shortest path leaving s at time
t0 and reaching v via edge e1 arrives before the shortest path with the same
departure time and reaching v via e2 . We turn this into a minimization
certificate by computing the time tmin > t0 (if any) such that the linear
function A[s, v | e1 ] becomes equal to A[s, v | e2 ]; the failure time of the certificate is tmin , or 1 if the two linear functions do not intersect after t0 . (If
A[s, v | e1 ](t0 ) = A[s, v | e2 ](t0 ), then the shortest path tree for t > t0 includes
the edge with lower cost after t0 , i.e., the edge with lower slope. The certificate failure time is 1.) A primitive certificate for each edge e = (u, v) is
computed by using the inverse of the linear function A[s, u] to project the
next primitive breakpoint of A[e] (if any) into the time domain of s; the
resulting time te is the failure time of the certificate.
The primitive and minimization certificates of the nodes and edges of G0
are placed in a priority queue ordered by the next certificate failure time.
When the first certificate fails at some time tfail , the linear function A[s, v]
changes for some set of nodes v. If a minimization certificate fails at v
(the shortest path using (u1 , v) becomes more expensive than the one using
(u2 , v)), then the shortest path tree changes at v. At the same time the
functional form of A[s, v] changes, along with A[s, w] for all shortest-pathtree descendants w of v in G0 . Likewise, if the primitive certificate for an
edge (u, v) in the shortest path tree changes, the functional form of A[s, ·] for
v and all its shortest-path-tree descendants changes. Note that if multiple
certificates fail at the same time, all the shortest-path-tree descendants are
updated at once. If the primitive certificate for an edge (u, v) not in the
shortest path tree changes, then the minimization certificate at v needs to
have its failure time updated, but no other changes are required. In all cases,
if the functional form of A[s, v | e] changes for any edge e = (u, v), then the
minimization certificate at v needs to have its failure time updated.
When the linear function A[s, v] changes for a node v but not for its
predecessor u in the shortest path tree, then we need to update certificates for
all shortest-path-tree descendants of v. The update essentially performs the
initialization described above in a selected subtree. We traverse the subtree
rooted at v, updating the functional form of A[s, w] for each descendant w, as
in Lemma 2.1. We recompute the failure times of the primitive certificates for
edges reachable from v and the minimization certificates at nodes reachable
from v and at the heads of non-tree edges reachable from v. We update the
priority queue of certificates to account for new failure times. At the end of
this procedure the shortest path tree is correct for paths leaving s at time
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t = tfail + ✏ for an infinitesimal ✏, the functional form of A[s, v] is correct for
each node v and departure time t = tfail + ✏, and the priority queue identifies
the next time greater than tfail at which a change to one or more arrival time
functions will occur. The total number of certificates is O(m)—at most one
per node and one per edge. The time to respond to the failure of a certificate
c is O(|Tc | log n), where Tc is the set of edges e = (u, v) of G0 whose arrival
time functions A[s, v | e] change due to the failure of c, and the logarithmic
factor comes from priority queue operations. The edge set Tc consists of
the shortest path subtree in G0 rooted at the node or edge where c occurs,
augmented with the non-tree edges directed out of that subtree. In the worst
case |Tc | may be ⇥(m), but in cases when it is smaller, the output-sensitive
algorithm exploits that fact. Expressed in terms of the original graph G,
|Tc | is equal to the number of outgoing edges reachable from the certificate
node/edge’s subtree, times a factor of at most O(log n) corresponding to the
height of the tournament trees in which those edges participate in G0 . (The
tournament trees allow us to update a d-way minimization at a node of G
with in-degree d by modifying only O(log d) certificates in G0 , instead of
O(d).)
The worst-case running time of the algorithm is O(log2 n) times the total
number of breakpoints of A[s, v | e] over all edges e = (u, v) 2 G.
⇤
The bound achieved by the preceding output-sensitive algorithm is incomparable with that of [10]. It requires only O(log2 n) time per breakpoint, but processes all the breakpoints in A[s, v | e] over all e = (u, v) 2 G,
whereas [10] executes a full shortest path algorithm for each breakpoint, requiring O(n log n+m) time, but processes only those breakpoints that appear
in A[s, d]. Depending on the relative sizes of these arrival functions, either
algorithm may outperform the other.

5.4

Restricted Slopes

One of the simplest cases of time-dependent shortest paths arises when the
slopes of the edge arrival time functions are restricted to 0, 1 and 1: slope
1 implies constant speed travel, slope 1 models a temporary complete stop
of traffic flow (e.g., due to sudden congestion or a traffic signal), and slope 0
models release of the flow as the congestion clears. With these limited edge
functions, the arrival function A[s, d] does not su↵er the superpolynomial
complexity of the general case. In fact, the complexity of A[s, d] is only
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O(K). This fact was already noted in [10]. More generally, we show that
the complexity is low (in fact, linear) if the edge functions have slopes in
the set {0, ↵ , ↵ +1 , . . . , ↵ 1 , ↵ }, for some ↵ > 1 and 2 N. That is,
each edge has a piecewise linear cost function and each piece has the form
A(t) = at + b, with slope a 2 {0, ↵ , ↵ +1 , . . . , ↵ }. (The special slope 1
may also be included without altering the complexity.) We call such a graph
an (↵, )-slope graph. We have the following theorem.
Theorem 5.5 In (↵, )-slope graph, any A[s, d] has at most 2( + 1)nK
breakpoints.
Proof: The proof follows from the observation that the slope of a path
arrival function along a path p 2 Ps,d is the product of the slopes of the edge
arrival functions A[e] on the edges composing p. Since a path has at most
n 1 edges, there can be at most 2( + 1)(n 1) possible distinct slopes
appearing in any path arrival function. Between any two primitive images,
A[s, d] forms a concave chain (Lemma 4.1), and hence no two segments with
the same slope can appear in it. This concludes the proof.
⇤

6

Closing Remarks

In this paper we resolved a conjecture regarding time-dependent shortest
paths, and showed that even with linear cost functions and FIFO edges,
the arrival time function at a node in an n-node graph can have complexity
n⌦(log n) . We also presented an upper bound of KnO(log n) if the total number
of linear pieces over all the piecewise linear edge cost functions is at most K.
If K is polynomial in n, the arrival time function’s complexity is n⇥(log n) .
Nevertheless, and somewhat surprisingly, we presented a polynomial-time
algorithm to find the departure time in a query interval that minimizes delay.
The arrival time functions for time-dependent and parametric shortest
paths have equivalent complexity if the edge cost functions are (piecewise)
linear, but their behavior diverges for higher-order edge cost functions. In
particular, if the edge costs are represented by polynomials of degree d, then
the arrival time function for the parametric shortest path remains a polynomial of degree d, while the time-dependent shortest path arrival function
may have degree dn .
Several open problems naturally arise from our work: Are there natural
but rich classes of graphs for which the arrival time complexity remains poly27

nomial? Results in [16] imply that the complexity is polynomially bounded in
graphs of constant treewidth, but no other results on minor-excluded classes
are known. For instance, what is the complexity for planar graphs? Our
lower bound proof easily extends to constant degree graphs, so sparsity alone
cannot lead to a better bound. We showed that if the slopes of the cost
functions belong to a restricted class (powers of ↵), then the complexity is
polynomial. What other natural classes of linear functions lead to similarly
reduced complexity? Another natural direction is to investigate the smoothed
complexity: does a small random perturbation of the edge arrival functions
lead to small expected complexity of the overall arrival time function?
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